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Abstract. Let D be an integral domain with quotient field K. For any set 
X, the ring lnt{D^) of integer-valued polynomials on is the set of all 
polynomials / G Ji'[X] such that f(D^) C D. Using the t-closure operation on 
fractional ideals, we find for any set X a f-algebra presentation of lnt{D^) by 
generators and relations for a large class of domains D, including any unique 
factorization domain D, and more generally any KruU domain D such that 
Int(Z)) has a regular basis, that is, a D-module basis consisting of exactly one 
polynomial of each degree. As a corollary we find for all such domains D an 
intrinsic characterization of the D-algebras that are isomorphic to a quotient 
of Int(D-'') for some set X. We also generalize the well-known result that a 
KruU domain D has a regular basis if and only if the Polya-Ostrowski group 
of D (that is, the subgroup of the class group of D generated by the images 
of the factorial ideals of D) is trivial, if and only if the product of the height 
one prime ideals of finite norm q is principal for every q. 

1. Introduction 

Let D be an integral domain with quotient field K . The ring of integer-valued 
polynomials on D is the subring 

Int(D) = {/ e K[X] : f{D) C D} 

of the polynomial ring ^^[X]. More generally, if X is a set, then the ring of integer- 
valued polynomials on is the subring 

Int(i?^) - {/ e A'[X] : f{D^) C D) 

of i^[X] [3]. The study of integer- valued polynomial rings — on number rings — 
began with Polya and Ostrowski circa 1919 [3j p. xiv]. They showed that, for any 
number ring D, the D-module Int(D) has a regular basis, that is, a D-module basis 
consisting of exactly one polynomial of each degree, if and only if the product 11^ 
of the prime ideals of D of norm g is a principal ideal for every q. In fact this 
equivalence holds for any Dedekind domain D. More generally, if Z? is a KruU 
domain, then Int(Z3) has a regular basis if and only if the product 11^ of the height 
one prime ideals of norm q is principal for every q [Jl Corollary 2.5]. In particular, 
if D is a unique factorization domain, then Int(£') has a regular basis. Moreover, 
for any KruU domain D, there is a subgroup POG(Z?) of the class group Cl{D) of 
D, generated by the images of the so-called factorial ideals nlu of D, that in some 
sense measures the extent to which Int(D) fails to have a regular basis; specifically, 
Int(Z?) has a regular basis if and only if the group POG(Z?) is trivial [H Corollary 
2.5]. One of our main results. Theorem 14.31 (in Section|4]), generalizes these results 
on KruU domains to a much larger class of integral domains, including the domains 
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of KruU type (equivalently the Priifer i;-multiplication domains (PVMDs) of finite 
t-character), hence the TV PVMDs. (The latter classes of domains are defined in 
Sections [3] and |H) 

Since Polya's and Ostrowski's seminal work, much attention has been given to 
finding ZJ-module bases of integer-valued polynomial rings. For any Dedekind do- 
main D for which Int(Z3) has a regular basis, 3, Proposition II. 3. 14] provides an 
algorithm to construct any finite number of elements of such a basis. (Theorem 
14.21 generalizes this algorithm.) Moreover, [4,, Corollary 3.11] provides a character- 
ization of all cyclic number fields K such that hii{OK) has a regular basis, and 
[21 Corollary II. 4. 5] and 17, Propositions 3.4, 3.6, and 3.19] explicitly construct 
all such K of degree 2, 3, 4, and 6 over Q. The number field K = Q(\/— 5) is 
an example where VOG{Ok) has order 2; so is = Q(V— 29), where one also 
has POG(Oii-) C C\{Ok) t2l Exercise 11.31]. Unfortunately we do not know a 
characterization of the number fields K such that 'P0G{Ok) has order 2. 

Although Int(£') does not have a regular basis for many (and probably most) 
number rings D, the D-module Int(Z?) is free for any Dedekind domain D [5J 
Remark II.3.7(iii)]. Surprisingly, however, there are no confirmed examples in the 
literature (of which we are aware) of an integral domain D such that Int(Z)) is not 
free as a D-module. In an earlier paper we showed that Int(£') is locally free if 
D is a Krull domain, or more generally if D is a TV PVMD [8j Theorem 1.2]. We 
also conjectured that Int(_D) is not flat as a Z?-module for D = F2[[T^,T^]] and for 
D = ¥2+ TWiWT]]. This conjecture is still open. 

In this paper we also consider a related problem, that of finding a Z?-algebra 
presentation of Int(_D) by generators and relations. This problem is motivated by 
results in the existing literature on integer-valued polynomial rings as follows. First, 
a presentation for Int(Z-^) for any set X is given in [T^, where the presentation 
is used to provide several equivalent conditions for a ring to be binomial in the 
sense of [18]. In [6] it is shown that, for any finite extension K of the field Qp of 
p-adic rational numbers, one can construct from any Lubin-Tate formal group law 
F G Ok[[X,Y]] a minimal set {fi : i > 0} of generators of Int(C'if) as an Ok- 
algebra. (For example, if if = Qp and F = X + F + XY, then fi = (^) for all n.) 
However, we do not know a complete set of relations for the generators fi. A more 
well-known result, [3] Proposition II. 3. 14], implies that, for any Dedekind domain 
D such that Int(D) has a regular basis, Int(£') is generated as a _D-algebra by the 
q"th q-Fermat polynomial F"" — FqO FqO ■ ■ ■ o Fq for all positive integers n and all 
prime powers g, where Fq = and tt^ is any generator of 11^. The question of 

the relations among these generators has not been raised. To this end we show in 
Theorem 15.51 that the obvious relations (F^")'^ — F"^ = iTqFq^^'^^'' are a complete 
set of relations for the generators F°" of Int(Z3). More generally. Theorem 15. 5[ for 
a large class C of domains Z?, including the Krull domains D for which Int(I?) has 
a regular basis, provides for any set X a complete set of generators and relations 
for the D-algebra Int(£'-^), using an apporpriate generalization of the (/-Fermat 
polynomials. 

A nontrivial application of this algebra presentation of integer- valued polynomial 
rings is as follows. It is known that a ring A is isomorphic to a quotient of Int(Z-^) 
for some set X if and only if the endomorphism a i — > of A/pA is the identity for 
every prime number p [12[ Theorem 4.1]. Theorem 17.51 generalizes this by showing 
that, for any integral domain D and any (commutative) _D-algebra A, if D is in the 
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class C mentioned above or if A is Z3-torsion-free, then the following conditions are 
equivalent. 

(1) A is isomorphic to a quotient of lDi{D^) for some set X. 

(2) For every a ^ A there is a _D-algebra homomorphism Int(Z)) — > A sending 
X e lni{D) to a. 

(3) The endomorphism a i — > a^^f of A/pA is the identity for every ^-maximal 
prime ideal p of I? of finite norm N{p) = ji^/pl. (The i-maximal ideals of 
an integral domain are defined in Section [3l) 

Our proof of the equivalence of conditions (2) and (3) above for domains in the 
class C uses the presentation of Int(I?) mentioned above in an essential way; for 
this reason we suspect that the equivalence does not hold for all Dedekind domains 
D and all £)-algebras A, although we do not know a counterexample. 

One of the main tools we use in this paper is that of a star operation, or '- 
operation, introduced by Krull in [121 Section 6.43], on fractional ideals. Specif- 
ically, we use the well-known star operations of divisorial closure, i-closure, and 
w-closure. These are immensely useful for generalizing known results on Dedekind 
domains and Noetherian domains to larger classes of domains. All of the definitions 
and facts we need are summarized in Section [3l proofs can be found in [13 , which 
is a classic reference on multiplicative ideal theory. 

The main results in this paper — those results labeled "Theorem" — are Theorems 
[311 EJl Sll [531 ESI O and O In Section [2] we provide a D-algebra 
presentation for Int(Z?) when Z? is a finite dimensional local domain with principal 
maximal ideal. In Sections [3l and [H we generalize the results in [3l Sections II. 1 and 
II. 3], which focus on Dedekind domains, to much larger classes of domains. There 
we define and prove new results on the characteristic ideals and factorial ideals of 
a domain, as well as its Polya-Ostrowski group, which we define when the factorial 
ideals are t-invertible. In Section[5]we find a I?-algebra presentation of D when D is 
in a large class C of integral domains, including all Krull domains such that Int(D) 
has a regular basis. Finally, in Sections [6] through [H we apply our previous results 
to the study of 15-algebras that are isomorphic to Int(i?-'^) for some set X, and also 
to 73-algebras A such that for every a ^ A there is a Z?-algebra homomorphism 
Int(D) — > A sending X e Int(D) to a. 

All rings and algebras in this paper are commutative with identity. For any ring 
i?, and for any / S R[X] and any nonnegative integer n, we let /°" denote the 
n-fold composition of / with itself, where /°° — X. 

2. The local case 

In this section we find a _D-algebra presentation for Int(Z?) when D is a finite 
dimensional local domain with principal maximal ideal. 

Lemma 2.1. If B ^ A is an integral extension of rings, and if a ^ A is a nonze- 
rodivisor, then a is a nonzerodivisor in B . 

Proof. This is clear. □ 

Proposition 2.2. Let D be a local domain with principal maximal ideal nD and 
finite residue field of order q. Let Fq = ^ S Int(D). The unique D-algebra 
homomorphism 

D[Xa,X^,X2,..] Int(I?) 
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is surjective, and if D has finite Krull dimension then ker ip is equal to the ideal I 
generated by — Xk — TrXk+i for all k £ Z>o. 

Proof. The homomorphism ip is surjective by '3, Remark II. 2. 14] and the proof 
of [21 Proposition II. 3. 14]. Suppose that D has finite Krull dimension. For any 
positive integer n, let 

An = D [Xq , Xi, X2, ■ ■ ■ , Xn] 

and 

One has ip{An) — B„, so ip restricts to a surjective homomorphism pn ■ An — > Bn- 
Moreover, one has ker p = [j^ ker (/?„. It therefore suffices to show that ker (pn = Jn, 
where J„ is the ideal in A generated by X^ — Xk — ttX^+i for < fc < n — 1 . Clearly 
Jn is contained in ker(p„, so we have a surjective ring homomoprhism 

V^n : A'n Bn, 

where A'^ = An/Jn- We must show that ker-0„ = 0. Now, A'^ is integral over 
D[Xn], and likewise Bn is integral over D[F°'"-] = D[X]. Therefore by [1] Exercise 
11.6] both rings have Krull dimension dimI)[X] < 1 + 2dim_D < cxi. Thus, since 
Bn is an integral domain, the kernel of Tpn must be a mimimal prime ideal in A^. 
But by Lemma I2.H tt is a nonzerodivisor in A'^, so the map 

A:^-,A'„[n-']^D[n-'][Xo] 

is an inclusion of rings. Therefore A'n is a domain, so the kernel of ipm being a 
minimal prime in A'n, is zero. □ 

We do not know if the hypothesis in Proposition 12 . 21 of the finite dimensionality 
of D is necessary. 

Remark 2.3. If D is the ring of integers Ok for some finite extension of the field Qp 
of p-adic rational numbers, then for any Lubin-Tate formal group law F g ^[[^, Y]] 
over D and for any a G Z?, there is a unique formal power series 

n=l 

such that [a]FiF{X,Y)) = F{[a]F{X), [a]F{Y)) in D[[X,Y]] and ci(a) = a; more- 
over, for each n one has c„(a) = /n(a) for all a G -D for a imiquc /„ G Int^D), and 
deg/„ < n [5]. By ini Theorem 3.1] one has 

Int(i5)=i?[/i,/2,/3,...], 

and in fact {/gi : « > 0} is a minimal set of generators of Int(D) as a Z3-algebra, 
where q is the cardinality of the residue field of D. For example, if K — Qp and 
F = X + Y + XY, then /„ = (^) for all n, and in that case a complete set of 
relations among the /„ is known. However, for general K and F we do not know a 
complete set of relations for the /„ . Such a complete set of relations would provide 
an alternative Z?-algebra presentation for the ring Int(Z)) in this case. 
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3. Regular bases and characteristic and factorial ideals 

Let D be an integral domain with quotient field K. A regular basis of Int(D) is a 
D-module basis of Int(£') consisting of exactly one polynomial of each degree. By 
[H Corollary 2.5], if D is a KruU domain, then Int(£') has a regular basis if and only 
if the product 11^ of all height one prime ideals p oi D with |_D/p| = q is a principal 
ideal for every prime power q. In particular, Int(£') has a regular basis if 13 is a 
unique factorization domain, since in that case every height one prime ideal of D is 
principal. In this section and the next we find a more general characterization for 
a much larger class of domains, including, for example, all TV PVMDs, using the 
i-closure operation on fractional ideals, described below. 

A fractional ideal of _D is a D-submodule I of K such that I^^ = (D :k I) is 
nonzero, or equivalently such that al Q D for some nonzero a G -D. A star operation 
on _D is a closure operation * on the partially ordered set T{D) of nonzero fractional 
ideals of D such that D* = D and I* J* C (/J)* for all /, J G J^{D). Equivalently, 
a star operation on 13 is a self-map * of J-{D) satisfying the following conditions 
for all I,Je ^{D) and all nonzero a E D. 

(1) I cr = (/*)*, and / C J ^ /* C J*. 

(2) D* = D. 

(3) (al)* = al*. 

For any star operation * one also has the following. 

(4) {I* J*)* = (IJ)*. 

(5) (/* + J*)* = (/ + J)*. 

(6) (/* n J*)* = /* n J*. 

We will make use of the following important star operations. First, the d-closure 
star operation d is the identity operation. The divisorial closure star operation v, 
also known as the v-operation, acts by t; : / — 5- /.„ = (/^^)^^. The t-closure star 
operation t acts by 

t : I — > It = \^{Jv : J I and J is finitely generated}. 

Finally, the w- closure star operation w acts by 

W.I — > 1^= |J{(/ -.K J) - J <^D and Jt = D}. 

One has d < w < t < v, where one writes *i < *2 if I*^ C 1*^ for all / G T{D). 
Under this partial ordering of star operations, d is the smallest star operation on 
D\ V is the largest star operation on D; t is the largest finite type star operation 
on D, where * is of finite type if /* = IJI"^* ■ J I and J is finitely generated} for 
all /; and w is the largest stable finite type star operation on £), where * is stable 
if {in J)* = /* n J* for aU /, J. 

If V = d on T{D), or equivalently, if d is the only star operation on D, then D is 
said to be divisorial. For example, a Dedekind domain is equivalently a divisorial 
KruU domain. If i = w on J-{D), or equivalently, if v is of finite type, then D is 
said to be a TV domain. Any Noetherian or KruU domain is a TV domain. 

Let * be a star operation on D. A fractional ideal / of 13 is said to be a *-ideal if 
/* — /, and an integral *-ideal if / is a *-ideal contained in D. For example, every 
invertible fractional ideal of D is a *-ideal. An ideal of D that is maximal among 
the proper integral *-ideals of D is said to be * -maximal. Every *-maximal ideal of 
D is prime. Moreover, if * is of finite type, then every proper integral *-ideal of D 
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is contained in some ^-maximal ideal of D. We let *-Max(Z?) denote the set of all 
♦-maximal ideals of D, which is nonempty if * is of finite type. 

The operation {I, J) i — > {I J)* on J-{D) is called ^-multiplication. The set of 
all *-ideals of -D is a partially ordered monoid under ^-multiplication. Its group of 
units is the group of *-invertible *-ideals, where a fractional ideal / is *-invertihle 
if (/J)* = D for some fractional ideal J, in which case = D and I^^ = J* 

is the inverse of / under ^-multiplication. The *-class group C\*{D) of D is the 
group of *-invertible *-ideals of D under ^-multiplication modulo the subgroup of 
principal fractional ideals of D. Since any invertible ideal of D is a *-invertible 
*-ideal, one has Pic(_D) C C\*{D), where Pic(£') — C\d{D) is the Picard group of 
D. Here we will be particularly interested in the i-class group (or w-class group) 
C\t{D) — C\w{D), which in general carries more information than the classical 
object Pic(£'). Note that a *-invertible *-ideal is a w- invertible w-ideal and CI* (I?) 
is a subgroup of Cly{D); and if * is of finite type, then a *-invertible *-ideal is a 
i- invertible t-ideal and C\*{D) is a subgroup of C\t{D). 

A domain Z? is a Krull domain if and only if every nonzero fractional ideal of 
D is i-invertible. A domain _D is a unique factorization domain if and only if the 
t-closure of every nonzero fractional ideal of D is principal, if and only if _D is a 
Krull domain with trivial t-class group. For any Krull domain D, one has v = t ~ w 
on T{D)\ a fractional ideal of is a t-ideal if and only if it is divisorial; an ideal of 
D is t-maximal if and only if it is a prime ideal of height one; and the t-class group 
G\t{D) is equal to the usual class group C\{D) of D. 

For any fractional ideal / of a domain D one has t-Max(_D) = w-Max(Z?) and 
Iw = npet-Max(D)-^-Op, and in particular D = npGt-Max(D) ^P- In fact one has 
t-Max(n) ^'^^ any ^at extension A of D. Any weak Bourbaki associated 
prime of the Z)-module K / and more generally any Nortcott attached prime of 
K/D, is a prime i-ideal; and a prime ideal p of D is a Northcott attached prime of 
K/D if and only if pD^ is a t-maximal ideal of Dp |8i Lemma 2.2]. Moreover, if D 
is a TV domain (or a Noetherian or Krull domain), then every t- maximal ideal of 
_D is a weak Bourbaki associated prime of K/D. 

A nonzero fractional ideal I oi D is t-invertible if and only if / is w-invertible, 
if and only if It = Jt for some finitely generated fractional ideal J of D and It Dp 
is principal for every ^-maximal ideal p oi D. If _D is a Mori domain, that is, if Z? 
satisfies the ascending chain condition on integral w-ideals, then a nonzero fractional 
ideal / of D is i- invertible if and only if lyDp is principal for every weak Bourbaki 
associated prime p of D. Any Noetherian or Krull domain is Mori, and any Mori 
domain is a TV domain. A domain D is said to be a PVMD if every finitely 
generated ideal of D is t-invertible, which holds if and only if D is integrally closed 
and t = w on J-{D), if and only if Dp is a valuation domain for every t-maximal 
ideal p of C A Krull domain is equivalently a Mori PVMD. 

The reader is referred to 13^ for proofs of the facts listed above. 

Definition 3.1. Let D be an integral domain with quotient field K and n be 
a nonnegative integer. The norm N{a) of an ideal a of _D is defined to be the 
cardinality \D/a\ of the quotient ring D/a. Let n„(Z?) denote the ideal 



n„(z?) = fi p 



l)et-Max(D) 
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of D; that is, let n„(_D) denote the intersection of all t-maximal ideals p of Z? of 
norm n (which is equal to D if n is not a power of a prime). Following [3l Chapter 
II] we let Int„(Z)) denote the _D-submodule 

Int„p) = {/ G Int(i^) : deg/ < n} 

of lnt{D), and we let CJ„(I?) denote the Z?-submodule 

MD) = |/« : / = f^X' e Int„(i?)| 

of K consisting of the coefficient of X" for each polynomial / £ Int(£') of degree 
at most n. By 3, Proposition 1.3.1] 3„(I?) is a fractional ideal of D; it is called the 
nth characteristic (fractional) ideal of D. Following [5l Definition 1.2] we let 

n\D=^niD)-\ 

which is an integral w-ideal (hence i-ideal) of D called the nth factorial ideal of D. 

We will write n„ = n„(£') and 3„ = 3n{D) when the domain D is understood. 
By P Proposition 7.3], the ideal (I^i-'^] -d Int„(D)) of D is a (nonzero) w-ideal, 
and therefore Int„(Z?) lies between two free D- modules of rank n + 1. Note that 
n!_D contains (£'[-'i^] -d Int„(Z))); moreover, equality holds, and also II„ = n!^^, 
if _D is a Krull domain or 3„ is invertible for all n, by jH Remark 2.6] and [31 
Proposition II. 1.7]. We will show, more generally, that n!_D = (-D[-^] -d Iiit„(D)) 
and 3n — n-^-D^ if 3„ is <-invertible for all n, which holds, for example, if J5 is a 
TV PVMD. (See Theorem[3l]and CoroUarySH) The following well-known resuh 
explains the significance of the characteristic ideals. 

Proposition 3.2 ( 3, Proposition II. 1.4]). Let D be an integral domain. Then 
Int(D) has a regular basis if and only if the nth characteristic ideal 3niD) of D 
is principal for every n. In fact, a set {fo, /i, /2, . . .} of elements of Int(Z)) with 
deg/„ = n for all n is a regular basis o/Int(Z?) if and only i/3„(_D) = OnD for all 
n, where a„ is the leading coefficient of fn- 

Next we examine properties of the characteristic ideals 3„(Z?) and some conse- 
quences of the assumption that they are t-invertible. 

Lemma 3.3. // a nonzero fractional ideal I of an integral domain D is t-invertible, 
then Dp = II^^Dp and (IDp)^^ = I^^Dp for every t-maximal ideal p of D. 

Proof. It is well-known that / is t-invertible if and only if / is w-invertible. Suppose 
that / is i/7-invertible, so 

D = (//-i)^ - fl ir'Dp. 

pGt-Max(Z5) 

It follows that 

Dp = ir^Dp = {IDp){r^Dp), 
and therefore (IDp)-^ ^ J-^Dp, for aU p G t-Max{D). □ 

For any multiplicative subset 5* of a domain D, one has S~^lnt{D) C lnt{S^^ D), 
by [3l Proposition 1.2.2]; however, by [Sj Example VI. 4. 15] the reverse inclusion need 
not hold, even if D is locally a discrete valuation ring (DVR). Following [5], we say 
that a domain D is polynomially L-regular if S'~^Int(£') — Int(S'^^I?) for every 
multiplicative subset S of D. For example, by [51 Propositon 2.4] any TV domain 
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(hence any Mori domain, hence any Noetherian domain) is polynomially L-regular. 
Equivalent conditions for a domain to be polynomiahy L-regular are given in [8l 
Proposition 2.3]. 

Theorem 3.4. Let D be an integral domain. 

(1) D = 3o{D) = 3i{D) C 32p) C 33p) C . . . and Jk{D)Ji{D) C 3k+i{D) 
for all k, I. 

(2) D = 0\d = V.d 2 2!i5 D 3!i5 D • • • and {k + 1)\d'^ {kr^^l\~J)-^ for all k, I. 

(3) For any multiplicative subset S of D, one has S'^^Int(£') = hit{S~^D) if 
and only if S^^3n{D) = JniS^^D) for every nonnegative integer n. 

(4) If p is a prime ideal of D that is not t-maximal of finite norm, then 
Int(-D)p — Int(Z?p) = i5p[X] and 3n{D)p = 3„(_Dp) = Dp for every non- 
negative integer n. 

(5) 3n{D) is a w-ideal and nljj is a v-ideal for every nonnegative integer n. 

(6) If3n{D) is t-invertible, where n is a nonnegative integer, then 3„(Z?) is a 
v-ideal and 3„(Z?) = nljj . 

(7) Suppose that 3k{D) is t-invertible for all k < n. 

(a) For any f G Int„(D), all of the coefficients of f lie in 3„(Z?). 

(b) nlD = {D[X] -.D lnt„{D)). 

(c) {k-\-l)lD C {klDllD)t for all k,l<n. 

(8) // D is polynomially L-regular, then one has the following. 

(a) S^^JniD) — 3n{S^^D) for every n and every multiplicative subset S 
ofD. 

(b) If3n{D) is t-invertible, ivhere n is a nonnegative integer, thennljjDp — 
"-'-Dp fof every t-maximal ideal p of D, and 3n{Dp) is principal for ev- 
ery prime ideal p of D. 

(c) If3n{D) is t-invertible for all n, then Int(_Dp) has a regular basis for 
every prime ideal p of D and the D-module Int(_D) is locally free. 

Proof. Statements (1) and (2) are clear. Suppose that 5^^3„(-D) = 3n{S^^D) 
for every nonnegative integer n. Let / € lnt(S~^D), and let n = degf. Since 
/„ G 3n{S-^D) = S-^3n{D), one has /„ = g„/u, where g = J27=Q9tX^ & Int„(£>) 
and w G S*. Then f — gju E Int„_i(5~^I?), so by induction on n we may assume 
f-g/ue S~Hntn.i{D). Therefore / G S^Hnt„{D). Thus we have S-Hiit{D) = 
Int(S'~^I?), assuming that S~^3n{D) — 3„(5~^£') for every nonnegative integer n. 
Since the converse is clear, this proves (3). 

Next, let p be a prime ideal of D that is not i-maximal of finite norm. Then 
Int(L>)p = Int(L>p) = Dp[X] by 8, Lemma 2.2], whence 3n(D)p = 3„(-Dp) = Dp 
for all n by statement (3). This proves (4). 

Now let S = Spec(i:))\t-Max(i:)). One has 

3n{D)^ = Pi 3n{D)p 

pGt-Max(D) 

^ n n (~MD),)p 

qeS pet-Max(_D) 

= n n (D,)p 

t\eS pet-Max(_D) 
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Therefore 

MD)w = I fl a„(D)p I n I fl i^J = fl 3„(D)p = 3„(D). 

\pet-Max(D) / \t\eS J peSpcc(D) 

Moreover, one has {n\D)v = {{3n{D)~^)y = 3n{D)~^ — nlo- This proves (5). 

Next, suppose that 3n{D) is t-invertible, where n is a nonnegative integer. Then 
3n{D) is a w-invertible w-ideal, hence a w-ideaL Therefore 3n{D) = 3„(-D)t, — n\'^ . 
This proves (6). 

We prove (7) (a) by induction. Suppose that 3^ = "^kiD) is i-invertible, hence 
w-invertible, for all k < n. If / € Int(Z?) is constant, then f E D = 3q. Let 
/ = J2^=ofi-^^ S Int„(D). Consider the fractional ideal / — 3„_i3^^ of D. Since 
3„_i C 3„, one has I Q D. Let a E I. One has a/„ S I3n C Jn-i, so there exists 
5 = J2i=o 9iX^ ^ Int„_i(Z)) with a/„ ,g„_i € 3„-i. The polynomial /i = af-Xg 
lies in Int(D) and has degree at most n — 1. By the induction hypothesis, one has 
G 3ti-i and hi = afi — Qi-i € ^n-i, and therefore afi € 3n-i, for < i < n—1. 
Therefore Ifi C 3n-i for all i < n. Since / is w-invertible (being the product of 
two w-invertible fractional ideals), we have 

and therefore e 3„, for all i < n. Thus all of the coefficients of / lie in 3„. This 
proves (7)(a). It follows that, for any r e ri!_D, one has rll„ C D, whence rlnt„(l?) C 
D[X] and so r £ {D[X] :d Int„(ii)). Therefore nlo ^ iD[X] :d lnt„{D)). This 
proves (7)(b). To prove (7)(c), note that by (2) one has {k + iy.o C {kl^Hl]j^)-^ = 

{k\Dl\D)f 

Suppose now that D is polynomially L-regular. Statement (8) (a) follows from 
statement (3). Suppose that 3niD) is t-invertible, and let p be a prime ideal of D. 
If p is t-maximal, then {3n{D))tDp = 3n{Dp) is principal, and by Lemma 13.31 one 
also has 

nlo, = 3n{Dp)-^ = {3n{D)Dp)-' = 3„{D)-^Dp = nloDp. 

If p is not i- maximal, then 3„(£'p) — Dp is again principal. This proves (8)(b). 
Finally, (8)(c) follows Proposition 13.21 and statements (8) (a) and (8)(b). □ 

The Polya-Ostrowski group of D is defined for any Dedekind domain D in [3] 
Section II. 3] and more generally for any Krull domain D in 4 . We generalize that 
definition as follows. 

Definition 3.5. Let D be an integral domain such that 3n(D) is t-invertible for all 
nonnegative integers n. The Polya-Ostrowski group POG(-D) of D is the subgroup 
of the i-class group Clf(£') generated by (the image in C\t{D) of) the i-invertible 
^-ideals 3n{D) for all n. 

With this definition. Theorem 13.41 vields the following. 

Theorem 3.6. Let D be an integral domain such that 3n{D) is t-invertihle for all 
n. Then for any f G Int„(Z?), all of the coefficients of f lie in 3„(Z?); one has 
nlo = (^[-'f] '-D Int„(I?)) and 3n{D) = ; the Polya-Ostrowski group VOG{D) 
is generated by the factorial ideals nljj for all n; and the following conditions are 
equivalent. 

(1) Int(£') has a regular basis. 
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(2) 3n{D) is principal for every nonnegative integer n. 

(3) nln is principal for every nonnegative integer n. 

(4) POG(i:') is trivial. 

Moreover, if D is polynomially L-regular, then Int(Z)p) has a regular basis for every 
prime ideal p of D and the D-module Int(-D) is locally free. 

Since every nonzero fractional ideal of a KruU domain is t-invertible, the above 
corollary generalizes the same result already known for KruU domains. In Theorem 
l4.3l of the next section we will show that 3„(-D) is t-invertible for all n, and therefore 
the Polya-Ostrowski group POG(-D) is defined, for a much larger class of domains 
D, including, for example, all TV PVMDs. 

4. The Polya-Ostrowski group 

In this section we use the results of the previous section to generalize the results of 
[SI Section II. 3] on Dedekind domains to a much larger class of domains, including, 
for example, all TV PVMDs. For the remainder this paper we will be interested in 
the following conditions on an integral domain D. 

(CI) D is polynomially L-regular. 

(C2) For any nonnegative integer n there exist only finitely many i-maximal 

ideals p oi D with N{p) <n. 
(C3) Hq is principal for every prime power q. 
(C4) Every ^-maximal ideal of D of finite norm has finite height. 
(C5) Every i-maximal ideal of D of finite norm is t-invertible. 

Note that (C2) implies that 

n„ = n P' 

l)et-Max(D) 
N(p) = n 

and therefore n„ is the unique ideal of D such that, for any prime ideal p of D, 
one has n„Dp = pUp if p is t-maximal of norm n and Tin Dp = Dp otherwise. 

Following O Chapter II], for any nonnegative integer n and any integer k > 1 
we let 

oo 
z— 1 

Alternatively, by ^ Exercise 11.8 and Lemma 11.2.4] one has 

71 

Wk{n) = Y = ^Vk{i), 

i=l 

where s is the sum of the digits of the fc-adic expansion of n and Vk{i) for any 
positive integer i is the largest nonnegative integer t such that fc* divides i. 

Lemma 4.1. Let D he a local domain with principal maximal ideal p of finite norm 
q. Then one has = p and U,, = D if n ^ q, and 3„ = (p^-^W)"^ = (^^-i^iM 
for all n. In particular, lnt{D) has a regular basis. 

Proof This follows from [3j Remark II.2.14] and the proof of [3J Corollary II.2.9]. 

□ 

The following result generalizes the above lemma to nonlocal domains. 
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Theorem 4.2. Let D be an integral domain satisfying conditions (CI), (C2), and 
(C3). For every n let 7r„ (z D be a generator of Tin- Then (T„ = JJ^ ^^wk(n) 

l<k<n 

is a generator of U„ for all n, and therefore Int(_D) has a regular basis. For all n 
and all k > I, let F^ = ^^T^ G Int(D), and let Fk^^ = nLo(-f'fc')"' ^ Int(D), 
where n = + nik + ■ ■ ■ + n^k'^ is the k-adic expansion of n. Then Fk^n has degree 
n and leading coefficient 71-^ for all n,k. For every integer n > 1 there exist 
(i2,n, aa.rn ■ • ■ , an,n & D such that 

E—w^^ (n) 

l<k<n 

Let Go ~ 1, Gi — X, and Gn — a/c,n^fe.n for all n > 1. Then Gn G Int(_D) 

l<fc<n 

has degree n and leading coefficient an for every n, and therefore {Go, Gi, G2, . . .} 
is a regular basis of liit(D). 

Proof. Let 

1= n -r^'^^D, 

l<k<n 

which is a fractional ideal of D. Let p be a prime ideal of D. Suppose first that 
p is t-maximal of finite norm q. Then pDp — iTqDp is principal, and therefore by 
Theorem 13. 4r 3l and Lemma WA\ we have 

(If N{p) > n then 3„(£')p — Dp — I Dp.) If, on the other hand, p is not i-maximal 
of finite norm, then 3n{D)p = 3„(L'p) = Dp = IDp by Theorem [3lt4) . Thus 
'3n{F>)p = /Dp for every prime ideal p of D, whence 3n{F>) = I- Finally, the 
remainder of the proposition follows exactly as in the proof of [3l Propositions 
II.3.13 and II.3.14]. □ 

Theorem 4.3. Let D be an integral domain satisfying conditions (CI), (C2), and 
(C5). Then for every nonnegative integer n the fractional ideals 3„, 7i!d, and n„ 
are t-invertible t-ideals, and one has 



pet-Max(n) 

N{f)<n. 

and 

pet-Max(r>) * l<q<n 

N(p)<n - 

Moreover, the group POG(-D) is generated by any of the following sets: {qlo ■ 
g is a prime power}; {3q : q is a, prime power}; and {Hq : g is a prime power}. Ln 
particular, the following conditions are equivalent. 

(1) Int(il') has a regular basis. 

(2) POG(D) is trivial. 

(3) 3„ is principal for every nonnegative integer n. 

(4) 3q is principal for every prime power q. 

(5) n\o is principal for every nonnegative integer n. 

(6) qlo is principal for every prime power q. 
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(7) n„ is principal for every nonnegative integer n. 

(8) Hq is principal for every prime power q. 

Proof. Let 

IJet-Max(D) 
N(p)<„ 

which is a well-defined fractional ideal of D. Let p be a prime ideal oi D. If p is 
t-maximal of finite norm, hence i-invertible, then pDp is principal, and therefore 
by Theorem I3.4r 3l and Lemmas 14.11 and 13.31 we have 

3niD),^3,,{D,) - (p-"(^)(")z?p)"' = (p^-"^^^^y' D,=ID,. 

If, on the other hand, p is not i-maximal of finite norm, then 3n{D)p = Df„(Dp) = 
Dp = I Dp by Theorem [3^ 4) . Thus 3n{D)p = I Dp for every prime ideal p of Z?, 
whence CT„(-D) — I. 

Now n„ is a finite intersection, and product, of t-invertible i-maximal ideals and 
is therefore a t-invertible i-ideal. If J, J' are i-invertible fractional ideals, then so are 
J^^ and JJ', and one has (J^^ J'^^)^^ = [JJ')t- The given product for 3„(£)), 
then, implies that 3n{D) is i-invertible, and therefore by Theorem 13.61 one has 
Of„(£') = n\'^ and 3n{D) is a -w-ideal, hence a ideal. Moreover, nlo = 3n{D)^^ is 
also a i-invertible f-ideal, and one has 

n\D=\ Yl (p"'"(p)(")j"M = Jl (^p"'iv(p)(»)^ 

I lJet-Max(E>) / pet-Max(D) ' 

\ JV(p)<n / JV(p)<n 

and therefore 

1<9<» 

It follows that POG(D) is contained in the subgroup Gi of Clt(D) generated by 
the image of 11^ for all prime powers q. Moreover, since Wq{q) — 1, one has 

l<q'<q 

so by induction on q the image of 11^ in C\t{D) for all q is in the subgroup 
G2 of POG(£') generated by qljj for all q, and therefore Gi C G2. Therefore 
POG(£i) C Gi C G2 C POG(i:i), so equalities holds. Moreover, POG{D) = G2 is 
also generated by '3q{D) = g!^^ for all q. The equivalence of statements (1) through 
(8), then, follows from these equalities of groups and from Theorem 13.61 □ 

Remark 4.4. Let K be a finite Galois extension of Q. Then for any prime power 
q = p'' , where p is a prime, one has the following. 

(1) 11^ = \JpOk if V is ramified in K and r equal to the inertial degree /p. 

(2) Ilq — Ok if P is ramified in K and r ^ /p. 

(3) Ilg = pOk is principal if p is unramified in K . 

In particular, POG(C'k) is generated by \JpOk for the set of primes p dividing the 
discriminant A^/q, and Int(Z3) has a regular basis if and only if \JpOk is principal 
for all such p. 
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Motivated by Theorem |4?3l we find sufficient conditions for (CI), (C2), and (C5) 
to liold. A domain D is said to be of finite character if every nonzero element of 
D is contained in only finitely many maximal ideals of D. Similarly, D is said to 
be of finite t-character if every nonzero element of D is contained in only finitely 
many t-maximal ideals of D. Note, for example, that every TV domain is of finite 
i-character, and a PVMD of finite i-character is equivalently a domain of Krull 
type. 

Proposition 4.5. Any domain D of finite character or of finite t-character satisfies 
conditions (CI) and (C2). 

Proof. By [8, Proposition 2.4] any domain of finite character or finite t-character is 
polynomially L-regular. To verify condition (C2) we may suppose that D is infinite. 
Let q be a power of a prime. Then there exists a € R with a* — a ^ 0. For every 
maximal ideal p of norm q one has a'? — a S p, so since D is of finite character or 
of finite t-character there are only finitely many such p that are t-maximal. The 
lemma follows. □ 



Proposition 4.6. Let D be an integral domain such that every t-maximal ideal of 
D is t-invertible. Then D is of finite t-character if and only if every t-ideal I of 
D such that I Dp is principal for every t-maximal ideal p of D is t-invertible. For 
any such domain D, the all of the hypotheses (conditions (CI), (C2), and (C5) j of 
Theorem \4-3\ hold. 

Proof. This follows from Proposition 14.51 '8', Proposition 2.4], and [T9', Corollary 
2]. ' □ 



Corollary 4.7. Let D be an integral domain such that a t-ideal L of D is principal 
provided that L is t-maximal or LDp is principal for every t-maximal ideal p of 
D. Then conditions (CI), (C2), (C3), and (C5) hold; in particular, statements (1) 
through (8) of Theorem \4.S\ hold, andlnt{D) has a regular basis. 

Proof. By Proposition 14.61 is a domain of finite t-character such that every t- 
maximal ideal of D is t-invertible. Moreover, every t-invertible t-ideal of D is 
principal, hence Clt(Z?) is trivial, so POG(D) is trivial. The result therefore follows 
from Proposition 14.61 □ 

An H domain is a domain in which every u-invertible ideal is t-invertible. Every 
TV domain is an H domain of finite t-character; we do not know if the converse 
holds, even for PVMDs. By the following corollary. Theorem 14.31 and Proposition 
14.61 apply in particular to any H PVMD of finite t-character, hence to any TV 
PVMD. 

Corollary 4.8. Let D be a PVMD. Then D is an H domain if and only if every 
t-maximal ideal of D is t-invertible. Also, D is of finite t-character if and only if 
every t-ideal I of D such that LDp is principal for every t-maximal ideal ip of D is 
t-invertible. If D is an H PVMD of finite t-character (or if D is a TV PVMD), 
then all of the hypotheses (conditions (CI), (C2), and (C5)j of Theorem \4.3\ hold. 

Proof. This follows from 8, Proposition 1.5] and [191 Proposition 5]. □ 
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5. The global case 

In this section we extend Proposition l2.2l to nonlocal domains. For the remainder 
of this paper we will use the following notation. 

Definition 5.1. Let C denote the class of integral domains D satisfying the fol- 
lowing four conditions. 

(CI) D is polynomially L-regular. 

(C2) For any nonnegative integer n there exist only finitely many i-maximal 

ideals p of £> with iV(p) < n. 
(C3) Ilq is principal for every prime power q. 
(C4) Every ^-maximal ideal of D of finite norm has finite height. 

Remark 5.2. 

(1) By Theorem 14.21 Int(Z3) has a regular basis for any domain D in the class 
C. 

(2) Any finite dimensional local domain with principal maximal ideal is in the 
class C. More generally, a local domain is in the class C if and only if its 
maximal ideal has infinite norm or else is principal and has finite height 
and norm. 

(3) A KruU domain D is in the class C if and only if Int(Z)) has a regular basis. 

(4) Any H PVMD of finite t-character (or any TV PVMD) such that lni{D) 
has a regular basis satisfies conditions (CI), (C2), and (C3). 

(5) Any domain D of finite character or of finite t-character satisfies conditions 
(CI) and (C2). 

For any domain D in the class C, the D-algebra Int(D) has a presentation by 
generators and relations as in the following theorem. 

Proposition 5.3. Let D he an integral domain in the class C. For each q let tt^ 
he a generator of liq and let Fq — ^''^^ G Int(D). Then the unique D-algehra 
homomorphism 

D[{X^Xq,k : g is a prime power and k E Z>o}] — > Int(£') 

X I — >X 

-^q,k I > i'q 

is surjective, and its kernel is equal to the ideal J generated hy Xqfi — X and 
■^q.k ~ - TTqXq^k+i for all q, k. 

Proof. Let ip denote the given ZJ-algebra homomorphism, and let 

A = D[{X, Xq }^ : (J is a prime power and k G Z>o]/ J. 
The homomorphism ip induces a _D-algebra homomorphism 

^ -.A — > lat{D). 

We show that ij) is an isomorphism. Let p be a prime ideal of D. If p is not t-maximal 
of finite norm, then tt^ is a unit in Dp for all q since 11^ ^ p-Dp, and Ap = Dp[X]. 
Thus, by [U Lemma 2.2], the localization V'p of V' at p is the isomorphism 

Ap — ^ Int(i:>)p = Int(i:>p) = Dp[X], 
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Suppose, on the other hand, that p is t-maximal of finite norm, say ji'/pl = q- 
Then -KqDp — p-Dp, and -Kq' is a unit in Dp for ah prime powers q' ^ q. It foUows, 
then, that 

=Z?p[Xo,Xi,X2,...]//, 

where / is defined as in Proposition 12.21 Moreover, ip^ is the same as the homo- 
morphism 

i?p[Xo,Xi,X2, . . .]// lnt{D)p = lnt{Dp) 

of Proposition 12.21 By that proposition, then, tp^ is an isomorphism. Therefore ipp 
is an isomorphism for aU prime ideals p of D, so -0 is an isomorphism. □ 

Now, let Z) be a domain and X a set. There exists a unique Z?-algebra homo- 
morphism 

: (g) Int(i?) lnl{D^) 
xex 

sending X e Int(D) to X e Int(_D-^) for all X e X, where the tensor product is 
over D. By [HI Proposition 6.8(a) and 6.10(d)], the map 0x is an isomorphism if 
Int(Z)) is free as a D-module or if D is polynomially L-regular and Int(D) is locally 
free as a £)- module. The isomorphisms 0x allow us to extend Propositions 12.21 and 
15.31 to multivariate integer- valued polynomials, as follows. 

Proposition 5.4. Let D he a local integral domain with principal maximal ideal 
ttD and finite residue field of order q. Let Fq = G Int(£'). Let X = {Xi}i^i 

he a set of variables. The unique D-algehra homomorphism 

i?[{X,,fe:ze/,fceZ>o}] lni{D^) 

is surjective, and if D has finite Krull dimension then ker Lp is equal to the ideal 
generated by Xf ^. — Xi,k — nXi^k+i for all i, k. 

Theorem 5.5. Let D be an integral domain in the class C. For each q let iTq be 
a generator of Ilq and let Fq — '^''^'^ € Int(Z3). Let X = {X^^i^i be a set of 
variables. The unique D-algebra homomorphism 

D[{Xi, Xi^q^k : i G /,q is a prime power, and k G Z>o}] — 5- Int(Z3'^) 

Xi I — > Xi 

Xi.q.k I — > F°^{Xi) 

is surjective, and its kernel is equal to the ideal generated by Xi^q^ — Xi and X^ ^ f,— 
Xi,q,k - TTqXi^q^k+i for all i, q, k. 

6. Quotients of integer-valued polynomial rings 

A ring A is said to be binomial if A is Z-torsion-free and is closed under the 
operation x \ — > x{x-i){x--2^^--{x-n+i) ^ q every positive integer n. For 
example, any Q-algebra is binomial; any localization or completion of Z is binomial; 
and the domain Int(_D-'^) is binomial for any binomial domain D and any set X. 
Binomial rings were introduced by Philip Hall in his groundbreaking work [15j on 
nilpotent groups. Hall proved the existence of an action of any binomial ring on 
a class of nilpotent groups, generalizing exponentiation of elements of an abelian 
group by the integers and analogous to exponentiation of elements of a uniquely 
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divisible group by the rational numbers. In ^10) . it is shown that a binomial ring 
is equivalently (1) a A-ring on which all Adams operations are the identity; (2) a 
Z-torsion-free ring A such that the Frobenius endomorphism oi A/pA is the identity 
for every prime number p; (3) a Z-torsion-free ring isomorphic to a quotient of a 
(possibly infinite) tensor power of Int(Z); and (4) a Z-torsion-free ring isomorphic 
to a quotient of Int(Z-^) for some set X. 

In this section and the next we generalize the equivalences (2) through (4) above 
to domains more general than Z. Let D be an integral domain and A a Z?-algebra. 
Following ^7], we say that A is weakly polynomially complete, or WPC, if for every 
a G A there is a I?-algebra homomorphism Int(-D) — > A sending X to a. Any 
quotient of a WPC D-algebra is WPC. If A is a domain extension of D, then A 
is WPC if and only if Int(D) C Int(A). A Z-torsion-free ring A is a WPC Z- 
algebra if and only if A is a binomial; and for any number field K, the localization 
S~^Ok of Ok at the multiplicative subset S* of Z generated by the set of prime 
numbers p that do not split completely in Ok is the smallest WPC extension 
of Z containing Ok 1121 Example 7.3(3)]. Characterizations of the divisorial (or 
fiat) weakly polynomially complete extensions of any KruU domain are given in 
[8j Theorem 1.2]. We remark that, if Z? is a principal ideal domain with finite 
residue fields, then Int(-D) left-represents a right adjoint for the inclusion functor 
from _D-torsion-free WPC Z?-algebras to Z?-algebras [3 Theorem 1.6]. 

The problem we consider is to characterize the WPC D-algebras if I? is a KruU 
domain (or Dedekind domain) . Let us say that A is almost polynomially complete, 
or APC, if for every set X and for any (ax)xGX G A-^ there exists a Z3-algebra 
homomorphism Int(Z)-^) — > A sending X to ax for all X <E X. In other words, 
A is APC if and only if A is isomorphic as a D-algebra to a quotient of Int(£'-'^) 
for some set X. By [ll, Propositions 7.4 and 7.7], if A is a domain extension of D, 
then A is APC if and only if A is an almost polynomially complete extension of D 
in the sense of [ll, Section 7], that is, Int(Z?") C Int(A") for all positive integers n. 
Any quotient of an APC Z?-algebra is APC. Clearly any APC _D-algebra is WPC; 
we suspect that the converse does not hold but do not know a counterexample. 
However, by [H Theorem 3.11] and the universal property of tensor products, we 
have the following. 

Proposition 6.1. Let D be an integral domain and X a set. There exists a unique 
D-algebra homomorphism 

0x : (g) lni{D) lni{D^) 

sending X G Int(il') to X G lnt{D^) for all X g X, where the tensor product is 
over D. If 9-}^ is an isomorphism for all finite sets X, which holds, for example, if 
Int(£') is free as a D-module or if D is polynomially L-regular and Int(£') is locally 
free as a D-module, then 0x is an isomorphism for all sets X, and a D-algebra A 
is WPC if and only if it is APC. 

As in [111 Section 1], we say that a domain A containing _D is a polynomially com- 
plete extension of D ii D is a polynomially dense subset of A. By [TTl Proposition 
7.2], every polynomially complete extension of D is APC, and if D is infinite then 
a Z3-algebra A is APC if and only if A is isomorphic as a Z3-algebra to a quotient 
of some polynomially complete extension of D. On the other hand, if D is finite. 
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or more generally if Int(Z3) ~ ^\^\^ then by [H] Lemma 7.1] every D-algebra is 



The WPC and polynomially complete extensions of a domain are studied, for 
example, in [2, Sections 5 and 6], [3, Section IV. 3], [8], [M], and [TT] . 

The following result as a special case characterizes the WPC algebras over a 
discrete valuation domain. 

Proposition 6.2. Let D he a finite dimensional local domain with principal max- 
imal ideal ttD and finite residue field of order q. Let A be a D-algebra. Then A is 
WPC if and only if a'^ = a (mod t:A) for all a Cz A. 

Proof. Suppose first that A is WPC. Let a € A, and let tp : Int(D) — > ^ be a 
D-algebra homomorphism sending X to a. Since the polynomial / = lies in 

Int(£'), one has - a = ip{X'i - X) ^ '^^{f) G i"^, so a"? = a (mod7ry4). 

Conversely, suppose that a'' = a {modnA) for all a G A. Let a e A. Define 
an infinite sequence ao,ai,a2, . . . recursively as follows. Let oq — a, and let a^+i 
be any element of A such that a^. — Ok = irak+i- Consider the unique D-algebra 
homomorphism 



The polynomials — Xk — nXk+i lie in kcrtf for all k. By Proposition 12. 2[ 
therefore, ip induces a D-algebra homomorphism from Int(D) into A sending X to 



Next, let T) be the class of domains D such that Ilq — iTqD is principal for all 
q and Int(D) has a D-algebra presentation as in Proposition 15.31 Then C C I? by 
Proposition l5.3l We do not know if the domains D satisfying conditions (CI), (C2), 
and (C3) are in the class T>. 

Theorem 6.3. For any integral domain D in the class V (or in the class C), the 
following conditions are equivalent. 

(1) A IS a WPC D-algebra. 

(2) a^'-P) = a (modpA) for all a ^ A and for every t-maximal ideal p of D of 
finite norm N{p). 

(3) a'^ = a (mod Ilq A) for all a £ A and for every prime power q. 
Moreover, if D is in the class C , then the above conditions are equivalent to the 
following. 

(4) A is isomorphic as a D-algebra to a quotient oflni{D^) for some set X. 
Proof. The proof is a straightforward extension of the proof of Proposition [621 D 



In this section we investigate the local/global behavior of WPC algebras, and 
we characterize the "locally WPC" algebras over any Krull domain. 

Lemma 7.1. Let D be an integral domain with quotient field K and A a D-torsion- 
free D-algebra. 

(1) A is a WPC D-algebra if and only if for every f G Int(D) one has f(a) € 
A C_ A ®o K for every a £ A. 

(2) If A is a WPC D-algebra and D is polynomially L-regular, then S~^A is a 
WPC S^'^D -algebra for every multiplicative subset S of D. 



APC. 




a. Thus A is WPC. 



□ 



7. Local versus global behavior 
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(3) Suppose that V is a set of prime ideals of D such that A = Hpep ^p- V 
is a WPC Dp-algebra for all p then A is a WPC D-algebra. 

Proof. This is clear. □ 

Lemma 7.2. Let D be an integral domain, D' an extension D, and A a D' -algebra. 

(1) If A is a WPC D-algebra, D' is flat over D, and D is polynomially L- 
regular, then A is a WPC D' -algebra. 

(2) If A IS a WPC D' -algebra and D' is a WPC D-algebra, then A is a WPC 
D-algebra. 

Proof. To prove (1) let a G A. By hypothesis there is a D-algebra homomorphism 
Int(£') — > A sending X to a. By 8, Proposition 2.3], then, there is a D'-algebra 
homomorphism 

Int{D') = D'lnt{D) ^ D' ®d lTLt{D) — > D' ®d A — > A 

sending X e Int(L'') to a. Therefore A is a WPC D'-algebra. 

To prove (2), again let a & A. By hypothesis there is a Z3-algebra homomorphism 

Int(D) C Int(D') — > A 

sending X e Int(£') to a. Therefore A is a WPC D-algebra. □ 

Because any localization of a domain D at a multiplicative subset is a flat WPC 
D-algebra, we have the following corollary. 

Corollary 7.3. Let D be a polynomially L-regular integral domain and A a D- 
algebra. Let S be a multiplicative subset of D. Then S~^A is a WPC D-algebra if 
and only if S~^A is a WPC S^^ D-algebra. 

Let us say that a D-algebra A is locally WPC if Ap is a WPC Dp-algebra for 
every prime ideal p of D. If D is polynomially L-regular, then by Corollary [73] this 
holds if and only if Ap is a WPC D-algebra for every prime ideal p of D. 

Lemma 7.4. The following conditions are equivalent for any integral domain D 
and any D-algebra A. 

(1) A is locally WPC. 

(2) Ap is a WPC Dp-algebra for every maximal ideal p of D. 

(3) Ap is a WPC Dp- algebra for every t-maximal ideal p of D of finite norm. 

Proof. If p is a prime ideal of D that is not t-maximal of finite norm, then by [SJ 
Lemma 2.2] one has Int(Dp) = Dp[X], and therefore Ap is a WPC Dp-algebra. 
Therefore (3) implies (1) and so the three conditions are equivalent. □ 

Any domain D in the class C satisfies the hypothesis of the following theorem. 

Theorem 7.5. Let D be an integral domain and A a D-algebra. Suppose that pDp 
is principal and has finite height for every t-maximal ideal p of D of finite norm. 
Then A is locally WPC if and only if, for every t-maximal ideal p of D of finite 
norm q ~ N{p), any of the following equivalent conditions holds. 

(1) a^(P) = a (mod pA) for all a & A. 

(2) The endomorphism a ' — > a* of A/pA is the identity. 

(3) A/pA is locally isomorphic to D/p as a D-algebra. 

(4) A/pA is reduced, and every residue field of A/pA is isomorphic to D/p as 
a D-algebra. 
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(5) A/\)A is isomorphic to a subring o/F^ for some set Y. 

(6) For every maximal ideal DJl of A lying over p, one has pA<jji — ^MA<JJl and 
A/Wl = D/p as D -algebras. 

(7) For every prime ideal of A lying over p, one has pAtp = ^pAqj and 
y4/<p D/p as D -algebras. 

Moreover, if A/pA is semi-local or Noetherian, then each of the above conditions 
is equivalent to the following. 

(8) pA — 3Jli2n2 • • • 9Jlr for distinct maximal ideals DJli of A such that A/dJli = 
D/p. 

Proof. By jTl] Propositions 4.1 and 4.2], we need only show that A is locally WPC 
if and only if condition (1) holds for all t-maximal ideals p of I? of finite norm. 

Suppose first that A is locally WPC, so A^ is a WPC Dp-algebra for every 
prime ideal p of D. Let p be a t-maximal ideal of D of finite norm q — N{p), and 
let a G A. Since q = \Dp/pDp\, by Proposition 16.21 one has a"^ = a (mod pAp). 
Therefore a'' — a £ pAp, so there exists Up e D\p so that Wp(a^ — a) G pA. Let 
Vp e D\p with VpUp = 1 (mod p). Then 

a"^ ~- a = VpUp{a'^ — a) = (mod pA), 

whence a'^ = a (mod pA). 

Suppose, conversely, that a^''') = a (mod pA) for all a e A and for every t- 
maximal ideal p of of finite norm. Then for all a e A and u G £'\p one has 

a^^P^w = aM^(P) (modpAp) 

and therefore 

(a/u)^(P) = a^(P)/M^(P' = a/u (mod pAp). 
Therefore x'' = x (mod pAp) for aU x e Ap, where q = \Dp/pDp\, so Ap is a WPC 
ZJp-algebra by Proposition 16.21 Thus A is locally WPC by Lemma [TjH □ 

Corollary 7.6. Let D be an integral domain and A a D-algebra. If D is in the 
class C, or if A is D -torsion-free, then A is WPC if and only if A is locally WPC. 

Corollary 7.7. Let D be a Krull domain and A a D-algebra. Then A is locally 
WPC if and only if a^'-''-' = a (mod p^l) for every height one prime ideal p of D of 
finite norm. 

Corollaries 17.61 and 17.71 motivate the following problem. 

Problem 7.8. Let D he a Dedekind domain and A a Z3-algebra. Is it true that 
A is WPC if and only if A is locally WPC? Equivalently, is it true that A is WPC 
if and only if for every height one prime ideal p of I? of finite norm iV(p) one has 
a^iv) = a (modpA) for all a & Al If so, then does the equivalence hold more 
generally if I? is a Krull domain? If not, then which, if either, implication is true? 

Corollary 17.61 shows that the answer to the above problem is affirmative under 
the added hypothesis that Int(-D) has a regular basis or A is Z3-torsion-free. 

8. Weak polynomial completions 

Let D be an integral domain with quotient field K. For any domain extension A 
of D, there is a smallest WPC extension of D containing A and contained in Ai^dFC, 
called the weak polynomial completion of A and denoted wd{A) [TTJ Section 8]. 
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An example of weak polynomial completion is as follows. Let A be a domain 
extension of I? and a ^ A. Following 2, Section 5] we let Da = {/(a) : / G Int(Z3)} 
denote the ring of values of liit(D) at a, which is a D-subalgebra of A containing 
D[a] = {/(a) : / G -D[X]}. An easy argument shows that Da = WD(D[a]). By [8l 
Example 7.3], if D = Z[r], then Int(£') = D[X] and therefore any extension A of 
D is WPC, but if ^ — Z[r/2] then A is not a polynomially complete extension of 
D. In particular, A = Dt/2 is not a polynomially complete extension of D. This 
provides a negative answer to [21 Question 5.8]. 

Theorem 8.1. Let D be a Dedekind domain with quotient field K, and let L he a 
finite Galois extension of K with ring of integers D' . Let S denote the complement 
of the union of the prime ideals of D that split completely in the Dedekind domain 
D', and let D" = wd{D'). 

(1) If p is a prime ideal of D with pD" ^ D" , then p splits completely in D' . 

(2) D" D S-^D'. 

(3) D" = S^^D' if the class group of D is torsion. 

Proof. First we prove (1). Suppose that pD" ^ D" , so pD" C p" for some maximal 
ideal p" of D". Let p' = D' n p". Note that D" , being an overring of the Dedekind 
domain D', is a Dedekind domain and is flat over D' , and one has D'^,, = Dp, and 
therefore p"Dpi/ = p'D'^,. Therefore, by Theorem 17.51 one has 

pd;, = pD';„ = p"D';„ = p'd'^, 

and D" Ip" = D' /p' = D/p as Z3-algebras. Therefore e^i\p = /p'|p = 1, so since L is 
Galois over K it follows that p splits completely in D'. 

Now, let X G D\S, so x is not in any prime ideal of D that splits completely 
in D'. Writing xD = p^^ • • •p^'' with each pi C D prime, we see from (1) that 
piD" = D" for each i, and therefore xD" = D" , that is, a: is a unit in D" . 
Therefore S^^D' C D" . This proves (2). 

Finally, suppose that the class group of D is torsion. To show that D" — S^^D', 
by (2) it suffices to show that S^^D' is a WPC extension of D. Let p be a prime 
ideal of D with finite residue field, and let p' be any prime ideal of S~^D' lying 
over p. Then p' doesn't intersect S', so p = Dnp' is contained in the complement of 
5", which is equal to the union of the prime ideals of D that split completely in D'. 
Since p'' is principal for some k, say, p = (a), it follows that a G D\S, so p*^ C q 
for some prime q that splits completely in D'. Therefore p = q splits completely in 
D' . Thus pD' — qiq2 ■ ■ ■ (\r, where the q^ are distinct prime ideals of D' for which 
D' = D/p. Reindexing the q^, we may assume there is a nonnegative integer s 
such that qi meets S if and only ii i > s. It follows, then, that 

pS-'D' = ic\,S-'D')ic\2S~'D') ■ ■ ■ iqsS-'D'), 

where the qiS^^D' are distinct prime ideals of S^^D' for which 

S-^D' lq,S-^D' = S-\D/q,) = S-^D/p) = D/p. 

Therefore S^^D' is a locally WPC extension of D by Theorem 17. 5( hence a WPC 
extension of D since S^^D' is ZJ-torsion-free. □ 

Corollary 8.2. Let D he a Dedekind domain with torsion class group and with 
quotient field K , and let L be a finite Galois extension of K with ring of integers 
D' . Let S denote the complement of the union of the prime ideals of D that split 
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completely in the Dedekind domain D' , and let D" he an overring of D' . Then D" 
is a WPC extension of D containing D' if and only if D" 3 S^^D' . 
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